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Abstract. In this work we discuss existence, uniqueness and asymptotic profiles of positive solutions to the quasilinear problem

—Apu + a@wP ' = —u" in 2,
|VulP 2 gu _ AuP ™! on 92
ov

for A\ € R, wherer > p—1 > 0, a € L°(£2). We analyze the existence of solutions in terms of a principal eigenvalue, and
determine their asymptotic behavior both when » — p — 1 and when r — oo.
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1. Introduction

The aim of the present paper is to analyze some qualitative features exhibited by the positive solutions
to

—Apu(x) + a(x)uP " (2) = —u"(x), z € 0,

1.1
|VulP? gl:(x) =\l (2), x € 012, (1)

where A € R, 7 > p —1 > 0, 2 is a class C>* bounded domain of RV(N >2),0< a<1,and
v stands for the outward unit normal field on 02. The operator A, is the standard p-Laplacian, which is
defined in the usual weak sense of W1P((2) as Apu = diV(|Vu]p_2Vu). In addition, it will be assumed

throughout that a € L°((2). The main feature of problem (1.1) is its dependence on the parameter A
precisely in the boundary condition.
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Problem (1.1) was studied in [4] when p = 2 (in this case A, is the usual Laplacian) with fixed
r > 1 and a = 0. Under these conditions, it was shown there that this problem admits a unique positive
solution wu, ) for every A > 0, and no positive solutions when A < 0. It was further shown that w, ) is
continuous and increasing as a function of A, and its asymptotic behavior when A — 0 and A — oo was
also completely elucidated (see [4] for additional features). However, as far as we know, the dependence
of u, » on r has not yet been clarified. Thus, one of the objectives of this work is to analyze the variation
of u,  with respect to r, especially in the extreme cases where r — 14- or » — oo. This study will be
indeed extended to cover the more general problem (1.1).

To deal with the quasilinear problem (1.1), a number of auxiliary results must be developed. In partic-
ular, a study of the flux-type eigenvalue problem

—Apu(z) + a(x)|ulP?u(x) = plulPuw(x), = € 12,
{ (1.2)

0
(V"= S5 @) = Al u(e), z € 00,

where A is regarded as a parameter and it is assumed that ¢ € L°°({2). A number i € R is said to be an
eigenvalue to (1.2) if there exists ¢ € W'P(£2), not vanishing identically in {2, so that

| (V9P 296Ve+ a@lol 2op) do = A | (60 200dS +u [ 6P 0 de
2 o1 9]

for all ¢ € WP(£2). In that case, ¢ is called an eigenfunction associated to /.
Problem (1.2) has been studied in detail in [5] when p = 2, in which case it becomes

{ —Au(x) + a(z)u(z) = pu(z), x € {2,

@(m) = \u(x), x € 012 (1-3)
ov

The next statement is the extension to problem (1.2) of the corresponding results obtained for (1.3)
contained in [5] (a slightly more general version of (1.3) was in fact considered there).

Theorem 1. Problem (1.2) admits, for every A\ € R, a unique principal eigenvalue j1 = iy, i.e., an
eigenvalue with a nonnegative associated eigenfunction ¢ € WUP((2). It is given by the variational
expression

: Jo(VulP + aluPydz — X [y, [u[? dS
Hip = inf .
u€W P (£2),u70 Jo luP dz

In addition, the following properties hold true.

(1) p1p is the unique principal eigenvalue.
(i) p1p is isolated and simple.
(iii) Every associated eigenfunction ¢; € WP(£2) to w,, satisfies ¢ € L®(£2) and furthermore
b e CHP)N C’z’a(Un)for certain 3 € (0,1), 7 > 0, with U,, = {x € §2: dist(z, 012) < n}.
(iv) As a function of A, i1, is concave, decreasing and verifies

lim 1, = Aipla), lim g, = —o0,
A——00 A—00

where X p(a) is the first Dirichlet eigenvalue of —Apu + a(x)|ulP~>u in (2.
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Another auxiliary eigenvalue problem we will need is

. 23 (1.4)

—Apu(x) + a(x)|ulP2u(x) =0, x € 12,
(:z) = o|ulP*u(z), x € ofn,

which constitutes an extension to the p-Laplacian setting of the well-known Steklov problem (see [12]
for a detailed analysis of the case a = 0). As a direct consequence of Theorem 1 the following statement
holds true.

Theorem 2. Problem (1.4) possesses a principal eigenvalue if and only if
Aip(a) > 0. (1.5)

Furthermore:

(1) Provided that (1.5) is satisfied, (1.4) admits a unique principal eigenvalue oy, which is isolated
and simple. In addition,

sign o, = sign A% (a), (1.6)

where )\Jl\’;(a) stands for the first Neumann eigenvalue of —Apu + a(x)|uP~u in £2.
(ii) Any eigenfunction 1 € WP(£2) associated to o1y satisfies 1 € C LB n 02’0‘(U77) for certain
B € (0,1),n > 0,with U, = {z: dist(x € £2,02) < n}.

Remark 1. We will set 01, = —oo when A ,(a) < 0, for reasons that will become clear later on (see
(1.8) in Theorem 4 and Remark 3).

The well-known sub- and super-solutions method is another tool that must be properly adapted to
problem (1.1). A function @ € W'P({2) is said to be a super-solution to problem

—Apu(x) + a(x)|ulP"*uw(z) = f(r,u), x € 1,
(1.7)

V=2 9% w) = g, v eon,
ov
if
/(|Vu]p VaVe + a(z)|alP~uy) d / g(x, u)cpdS—i—/ fx,w)pdx

holds for all nonnegative ¢ € W'P(£2). Subsolutions are defined in a symmetric way. Of course, the
existence of the integrals involving f and g is implicitly assumed.

In order to avoid the use of comparison, which is certainly a delicate issue when dealing with the
p-Laplacian, the next statement furnishes a variational version of the method of sub- and super-solutions
for problem (1.7) (cf. also [14]). Recall that a function A: X x R — R, (X, u) a measure space, is a
Carathéodory function if h(-,w) is measurable in X for all v € R while h(z, -) is continuous in R for
almost all z € X.
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Theorem 3. Let f: 2 x R — R, g: 02 x R — R be Carathéodory functions satisfying | f(x,u)| < M
and |g(z,w)| < M if (z,u) € 2 X (=R, R) and (z,u) € 012 x (—R, R), respectively, for arbitrary R,
where M = M(R). Suppose u, w € W'P(£2) N L>(2) N L>(0S2) are a sub- and a super-solution
to (1.7) so that v < 7 a.e. in 2. Then (1.7) admits a solution u € WP(£2) verifying

U< UL,
a.e.in 2.

After these preliminary tools have been introduced, we can state a first group of results concerning
problem (1.1).

Theorem 4. Assume 2 C RY is a class C** bounded domain and v > p — 1 > 0. Then the following
properties hold.:
(i) Problem (1.1) admits a positive solution if and only if

A> oy, (1.8)

where the value 0y, = —oo is allowed. When (1.8) holds, the positive solution is unique, and it
will be denoted by u,., € WP(£2).

(i1) The function u, x belongs to CBn Cz’o‘(Un)for a certain 8 € (0, 1) and n > 0 small enough,
where Uy, = {x € (2: dist(z,02) < n}.

(iii) The mapping \ — wu,.y is increasing and continuous with values in C'(£2). Moreover,

lim u,\ =0 (1.9)

A—=01p+

in CYP(0) provided oy, > —oo. If 01, = —oo then

. 0 if\ipa) =0,
1 = ’ 1.1
Ayt A { w if Ap(a) <0, (1.10)
where u = w(x) stands for the unique positive solution to
{ —Apu(x) + a(@)|ulP?u(z) = —u"(2), z € 2, (L11)
u(x) = 0, z € 092, '
when A\ p(a) < 0.
@iv) Let u = U(x) be the minimal solution to the singular boundary value problem
{ —Apu(x) + a(z)|ulP2u(z) = —u"(x), x € 12, (1.12)
U = 00, x € 0.
Then,
lim u,y =U (1.13)
A—00

in C'(£2).
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We turn now to study the asymptotic behavior of the positive solution u, \ to (1.1) both as r —
(p — 1)+ and when r — oo. Let us begin with the former case and to this purpose notice that Theo-
rem 1(iv) implies the existence of a value \* such that

#l,p()‘*) =-1,

provided that A ,(a) > —1 (\;,(a) being the principal Dirichlet eigenvalue of —Ayu + a(z)|ulP~>u
in £2). Observe that

ogp <A,
even in the case when 0y, = —o0, while
0< —ppN) <1 foroj, <A<
Of course, the inequality holds for all A < A\* if 0, = —o0. Similarly,
—pip(N) > 1 if XA >\
On the other hand,
—p1p(A) > 1 forall A

in the complementary case A ,(a) < —1 where the value A* does not exist.
Then we have the following theorem.

Theorem 5. For A\ > o1, > —o0, let u = u, )\ be the unique positive solution to problem (1.1) for
r > p— 1. Then,

)r7p+l

(Sl;.zp Up ) = —p1p(A\) + o(1)

asr — (p — 1)+ while

Up ) = (sup um) {&1(N) +o(1)}
Q

in C'(2) as v — (p — 1)+, where ¢,()\) stands for the positive eigenfunction associated to H1p(A)
normalized so as supg, ¢1(\) = 1. In particular

(@) upx — Ouniformly in Qasr — (p— D+ if A < \* provided that Aipla) > —1.
Moreover, for A = \* and p = 2 in problem (1.1) then

Ur )\ — A(bl (A*)
uniformly in {2 as r — (p — 1)+ where A is given by

_Jodilog dl“). (1.14)

A= .
exp( f(z ¢% dz
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(b) u,\ — oo uniformly in 2 asr — (p — 1)+ either when \ > \* if \ipla) > —lorforall A € R
provided \; p(a) < —1.

Note that in the previous theorem the case A = A* with p # 2 is left open.

As for the behavior of the solution u, » to (1.1) when » — oo the first interesting conclusion is that
for every A > o1,, u, \ keeps uniformly bounded in {2 as » — oo. On the other hand, provided that
coefficient ¢ = 0 in (1.1) we achieve a better result. Namely, solutions become flat throughout the
domain {2 as r increases.

Theorem 6. Assume that a = 0 in problem (1.1). Then, for any A\ > o1 we have u, x — 1 uniformly
in{2asr — oo.

It should be mentioned that a similar analysis for the logistic problem

{ —Au(z) = Mu(z) — b(x)u"(x), = € 12,

1.15
u(z) = 0, x € 042, ( )

which is somehow related to (1.1), was performed in [2,3]. However, the situation was substantially
different there when r — oo, since the limit problem so obtained is of a free boundary type, mainly due
to the Dirichlet condition. On the other hand, if © = #, ) stands for the unique positive solution to (1.15)
for A > /\? (the first Dirichlet eigenvalue of —A in {2), an important feature in the analysis in [3] is the
fact that

_ r—1
(sup ur,)\)
0
remains bounded as r — oco. This follows easily from the boundary condition when b > 0 in 2. This
fact is in strong contrast with the next result.
Theorem 7. Let a € L*(§2). Then, for fixed X > o1,

le()‘) < h_m Upr ) < m Up \ < 1,
r—00

r—00

where ¢1(\) is the positive eigenfunction associated to |1 ,(\) normalized so that sup ;(\) = 1. In
particular,

lim supu, ) = 1.
r—00 ()

However, if either a = 0 or a € L*°({2) is arbitrary but A\ > 01(|a|~) in (1.1) then

lim sup(u, )" P = oo.
T—00 .Q

The rest of the paper is organized as follows: in Section 2 we analyze the eigenvalue problems (1.2)
and (1.4). Section 3 is dedicated to develop the method of sub- and super-solutions for problem (1.7),
that will be used here for the proof of Theorem 4. Finally, in Section 4 the asymptotic behavior of the
positive solution to (1.1) as » — p — 1 and » — +o0 is considered.
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2. Eigenvalue problems

In this section we perform the analysis of the eigenvalue problems (1.2) and (1.4). We begin with a
fundamental result concerning the boundedness of eigenfunctions.

Lemma 8. Let ¢ € W'P(§2) be an eigenfunction associated to an arbitrary eigenvalue i of (1.2). Then
¢ € L>®(12).

Proof. Notice that we may assume 1 < p < N, since otherwise W!P(£2) C L*(£2). Also, for the sake
of simplicity we will only consider p < N, the case p = NN being handled in a similar way.
Fork > Osetv = (¢ — k)T, A, = {x € £2: ¢(x) > k}. We show an estimate of the form
o1 < CK| A" 2.1)

for every k > ko and certain positive constants kg, C, 0, € with 6 < 1 + ¢, where |[v]; = [v]L1(g).
By using v as a test function in the equation for ¢ we obtain

P
/Q(|Vv\ + pp(p)v) do < )\/(m op(@vdS + (u+ |afeo + 1) /anp(qﬁ)v dz

<c{[ erorwas+ [ gomas), 22)

where ©,(¢) = |¢|P~2¢ and C will stand in the sequel for a positive constant independent of ¢ and k,
not necessarily the same everywhere.

Next notice that 0 < v < ¢ in the support of v and ¢ < v + k, hence ¢p(¢) < C@P~! + kP71,
Thus (2.2) implies

’U‘préc{/ vpdS—i-kp_]/ vd5+/ vpdzv—l-kp_]/ vdx} (2.3)
’ o0 o0 Q Q

for all &k > 0, where |v]1, = [v|y1p(0)-
On the other hand, we notice that, thanks to Holder’s and Sobolev’s inequalities:

p/p*
/vpdxg\Ak,p/NU o dx> SC’\Akp/N(/ \Vv]pdx+/ vpda:>,
2 2 2 2

where p* = NN—”p, and, since |Ax| — 0,

/vpdx<C|Ak]p/N/ |VolP dz (2.4)
(P 2

for k > ko and certain positive k.
Furthermore, it is useful to recall that for every € > 0 there exists a constant C'(¢) > 0 such that

/ lulP dS < E/ |VulP dz + C’(a)/ |ulP dx (2.5)
o0 2 Ie)
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for every u € W'P(£2) (see, for instance, [5], Lemma 6, for a proof when p = 2). This inequality
combined with (2.4) yields

/ WP dS < (e 4 C(e)| ApP/N) / |Vo|P dz (2.6)
o082 (P

for k > ky. Inequalities (2.3), (2.4) and (2.6) imply, taking ¢ sufficiently small,
[off, < CRP{[vl1ae + o)1} @.7)

for k > ko, where |v|100 = [v|L190)
Observe now that, thanks to the immersion W!(£2) C L'(0f2) and Holder’s inequality

[oh.00 < Clolwiig) < LA Plo]1,,
while the Sobolev immersion gives

ol < ClAK"™P" o1, (2.8)
Thus, from (2.7) we get

v]1p < C’k{|Ak|1/p + |Ak|1/(p—1)(1—1/p*)} < Ck:|Ak|1/p

for all k& > ko, since ;1.? < p%l(l — I%) and |Ag| — 0. This inequality allows us to conclude, thanks
to (2.8), that
o1 < CE|A|"HN 2.9)

for large k, which is the desired inequality.
Finally, when (2.9) is combined with [9], Chapter 2, Lemma 5.1, we obtain ¢ € L>®({2), and since
—¢ is also an eigenfunction, the preceding argument also says that ¢ € L*°(§2). O

Remark 2. Lemma 8 can be also shown by means of a Moser’s iteration procedure following the ideas
in [5] (see Lemma 5 there).

Proof of Theorem 1. To show the existence of a principal eigenvalue we borrow ideas from [5],
Lemma 7. Thus, consider M := {u € W'P(£2): [, |u|P = 1}, and the functional

J(u) = / (|VulP + a(z)|ul?) dz — )\/ |ulP dS.
n of
Inequality (2.5) implies that

J(u) > (1—€|>\\)/Q|Vu|pdx—(|a]oo+C(a)\)\])/Q\u|pda:
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for all u € W'P(£2). This means that .J is coercive in M and the direct method in the calculus of
variations (see [14], Theorem 1.2) implies the finiteness of

VP 4 a@ul) o A fyg [ul dS
Hip = inf
wEW 1P (£2),u#0 Jo lulP da

and the existence of ¢ € W1P(£2) such that the infimum is achieved at u = ¢. Since the infimum is also
attained at ||, it is easily checked that |¢| defines an eigenfunction associated to 1 ,, hence 1 is a
principal eigenvalue.

Next, let ¢ € W'P({2) be a nonnegative eigenfunction associated to ji; ,. Lemma 8 and Lieberman’s
regularity results [10] imply that ¢ € C#(£2) for a certain 0 < [ < 1 while the Strong Maximum
Principle in [15] implies that ¢ > 0 throughout {2 together with [V¢| > 0 in some strip U,y = {z €
(2: dist(x, 0f2) < n}. Then, the equation for ¢ becomes strictly elliptic in U,, and standard theory of
quasilinear equations yields ¢ € C’Z’O‘(Un) (ctf. [9]).

As a consequence of the preceding assertions it follows that every eigenfunction ¢ associated to /i1,
is either positive or negative in 2. In fact, if ¢ # O then, since ¢ is also an eigenfunction associated
to /11, we get T > 0in (2. Thus, ¢~ = 0 and ¢ is positive.

We show now the simplicity of 1. To this purpose, for two positive eigenfunctions ¢, 1) associated
to f11 consider the integral

I:= /Q{|v¢|pzv¢v(¢p¢;?p) — |v¢|pzv¢v<¢zb;?p>}dx.

Under the sole assumption that both ¢, 1) € WLP(£2) are positive and bounded in it follows that I > 0,
and I = 0 only when 1) = c¢ for a positive constant c. This is a consequence of the analysis in [11]. For
the reader’s benefit we sketch the argument. In fact,

1= [ (@~ 4")(Viogap - |V log ") do
- /{2 pUP|V log |P~2(V log $)(V log v — ¥ log ¢) dz

- /Q péP |V log $[P~2(V log $)(V log ¢ — V log ) da.

Hence, by using the convexity of function |x|P with p > 1 ([11], inequality (4.1)) we infer that I > 0,
and moreover / = 0 only when 1) = c¢ for a positive constant c. Thus the simplicity of 1 is proved.

The same argument implies that y ), is the unique principal eigenvalue. In fact, suppose that ¢ is a
positive eigenfunction associated to ji; , while pt # 111 is another eigenvalue which possesses a positive
eigenfunction . In this case, if we use (¢? — 9P)/¢P~! as a test function in the equation for ¢ as an
eigenfunction associated to y1, and similarly employ (¢ — 1/P) /1P~ in the equation for 1 then, after
subtracting the resulting equalities, we arrive at

I:w],p—u)/g(w-wp)dwo.
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However, 11 > 111, and ¢ can be chosen greater than ) in {2. Since this contradicts the inequality, such
an eigenvalue 4 cannot exist.

To show the isolation of j1;, we follow the spirit of the corresponding statement in [1] (see also [12]
for the case of the principal eigenvalue of (1.4) and a = 1), which we simplify in view of Lemma 8.
Thus, assume on the contrary that there exists a sequence of eigenvalues p, # fi1, With associated
eigenfunction ¢, normalized by [, [¢,[P = 1 for all n, verifying f1,, — p1,. Notice that ¢ # 0 for
all n. Then, from the weak formulation of (1.2), we obtain

/Q(Iwnlp + alpn|?) dz — A/m |pn|P dS = i

By means of (2.5) we see that |¢y |, , is bounded and so, passing to a subsequence, ¢, — ¢; weakly in
WP(£2). It follows that ¢ is a principal eigenfunction which can be assumed to be positive.

On the other hand, from the weak formulation of the equation satisfied by ¢,, and by using ¢, as a
test function, arguments similar as the ones employed in Lemma 8 show that

—p —p
6nl0, <C [ Jonl da
Q
for a positive constant C, not depending on n. Hence

H{on <0} 2k>0 (2.10)

for some k£ > 0 and all n. However, since modulus a subsequence, ¢,, — ¢; in LP({2) and ¢, is positive,
Egorov’s theorem implies that the uniform estimate (2.10) is not possible. Therefore, 111, is isolated.

Finally, the features and asymptotic behavior of 1 ,()\) contained in statement (iv) can be shown by
following the corresponding proof of Lemma 8 in [5]. O

Proof of Theorem 2. By using the terminology of Theorem 1, the key point is that ¢ is a principal
eigenvalue of (1.4) if and only if

1p(0) = 0.

In view of property (iv) in Theorem 1 it is clear that (1.5) characterizes the existence of a zero of y
and so it characterizes the existence of a unique principal eigenvalue o := o1, of (1.4) as well.
In addition

| (ver +alvydo—o [ jprds=o
0 00
if o is a principal eigenvalue. Since A; ,(a) > 0 it follows that 1) # 0 on 92 and so

_Jo(VYP +alyP)de _ [o(IVulP + alulP) dx
Orp = <
fa(z [y|PdS fa(z lulP dS

forallu € WP(£2),u # 0 on d(2. Thus, o = 0, also defines the first eigenvalue to (1.4). Relation (1.6)
follows from the decreasing character of ji;, and the fact that )\{\g) = p1,p(0).
The remaining assertions in Theorem 2 are consequences of Theorem 1. O

2.11)
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Remark 3. Inequality (2.11) states

Jo(Vul? + alulP) dz
wEW P (£2),u7#0 Jo0 [ulPdS

(2.12)

Ul,p =

As already seen, such infimum is finite when A; ,(a) > 0. However, it can be checked that the infimum
is —oo when A ,(a) < 0 (details are omitted for brevity). This suggests setting 0y, = —o0 in that case.
3. Existence and uniqueness

Our first objective is to prove the variational version of the method of sub- and super-solutions. For
p > 1 we recall the notation ¢, (t) = |t|P~2t.

Proof of Theorem 3. Following the ideas in [14], Theorem 2.4, we introduce the functional

a(x)

1
_ 2 p P
J(u)—/ﬂ{p|Vu| + » |u F(:U,u)}dx /B G(z,u)dS

with F(z,u) = [}’ f(z,t)dt for z € 2, G(z,u) = [, g(x,t)dt for z € J§2, which we consider in the
convex set

M={uec W) u<u<uae. in 2}.
Notice that M defines a weakly closed subset of W !'P(£2). The functional .J is sequentially lower semi-
continuous and since both u, @ are bounded it is coercive in M. Thus J achieves its infimum at some
u € M and we are showing that u is a weak solution to (1.7). For this, it is enough to show that

DJ[u](p) = 0 for every ¢ € C'(£2). B
To such proposal, for ¢ > 0 and arbitrary ¢ € C'(£2) we set

per =(utep—w", g =@u-u—cp)"
and observe that
Us :=U+EP — Pt + e €M
for all 0 < € < gp. By taking the derivative of J at  in the direction of v, — u we get
DJw)[us —u] = 0.
This implies that,
eDJWlp] = DI (Wlpe 4] — DJ(W)lpe,-] 3.1
and we are showing next that

DJ(w)lpe 4] = p(e),
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where p(e) = o(e) as € — 0+. In fact, since DJ(w)[pe+] = 0,
DJ(Wlge 11> (DJ(u) — DJ@))[¢e ]
and
(DJ(u) = DJ@W))[pe+]
= /Q(|Vu]p72Vu — |VaP=2va) Ve, 4 dz + /Q a(x) (pp(u) — op()) pe + da
- | G@w - j@m)perde— [ (g — g m)pe dS. (3.2)
By using the monotonicity of the p-Laplacian,
/ (IVulP~2Vu — |Va|P~*Va) Ve, + dr
1)
> / (IVufP~>Vu — |VaP>va) Ve de
{pet >0}

> E/ (|IVulP~2Vu — |Val|P~*Va) Ve dz, (3.3)
{pe+>01N{u>u}

since Vu = V@ almost everywhere in {u = @} [8]. Observe now that |{¢.+ > 0} N {w > u}| — 0 as
€ — 04 and so the latter integral in (3.3) is o(e) as € — 0+.
On the other hand, |p. 1| < €|p| in {¢-+ > 0} N {@w > u}. Hence,

) [ (@0~ f@m)p..s do

<€/ B ]f(x,u)ff(:n,ﬂ)|\<p|dx:0(5) (3.4)
{pe,+ >0} N {u>u)

as € — 0+. The remaining terms in (3.2) can be treated in the same way and so we achieve that,
DJ(w)lpe+] = o(e), & — 0+,

A complementary argument shows that DJ(u)[¢. ] < o(¢) as € — 04. Therefore, (3.1) implies that
DJ)e]l =0

for arbitrary ¢ € C'(£2). This means that v is a solution to (1.7). O

Remark 4. Theorem 3 can be extended to cover slightly more general settings. Namely, suppose that
2 c RY is smooth and 02 = I, U I} with I}, I disjoint (/N — 1)-dimensional closed manifolds.
Consider the mixed problem

—Apu(@) + a@)|ulPu(@) = f(z,u), z € £,

0
V[P~ a—u(x) = g(, u), z eI, (3.5)
14
w(x) = h(x), x € I3,
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with A € L°°(I%). Then, under the extra condition
u<h<u onl)

and the hypotheses of Theorem 3 we achieve again a solution u € W'P(£2) to (3.5) lying between u
and @. The proof runs by the same lines of Theorem 3. As minor modifications, we have to take care
of the condition v = h on I that must be incorporated to the definition of M and testing must be
performed with functions ¢ € W!P(£2) vanishing on I’.

As an immediate application of Theorem 3 we undertake the proof of Theorem 4.

Proof of Theorem 4. To prove the necessity of (1.8) we only consider, obviously, the case 0y, > —o0.
If a positive solution u to (1.1) exists then v # 0 on 942. Otherwise,

—Apu + app(u) <0

implies u < 0in §2 if up, = 0 (notice that oy is finite if and only if A ,(a) > 0). Thus, since u # 0 on
012 we conclude that

o Jo(VulP + alulP) dzx

< A.
ot Jog lulPdS =

Assume now that A > o0, > —oc. Let ¢;(\) denote the principal positive eigenfunction satisfying
supy, ¢1(A) = 1. Then it can checked that u = A¢;(\), © = B¢;(\) define a sub-solution and a super-
solution to (1.1) provided that

(_Mp)l/(r—erl)

< (— 1/(r—p+1)
0< A< (—pp) g inf @1 (\)

Notice that a choice of A and B for all values of A is possible when o, = —oo. Thus, for suitable
values of A and B we obtain, via Theorem 3, a positive solution to (1.1).

As for the uniqueness of a positive solution to (1.1) we first assert that all positive solutions u €
WP(£2) lie in L°°(£2). In fact, observe that by setting v = (v — k)T, k > 0, and employing v as a test
function in the equation for u we arrive at

p
/Q(]VU\ + a(@)pp(u)v) dz < || /{m op(u)vds.

By adding to both sides of the inequality a term M [, ¢, (u)v with large enough M we get

ol < C{ /Q ep(uv dz + /a e dS}.

But such an estimate (see (2.2) and (2.3)) is just the starting point that leads to the boundedness of w if
one proceeds as in Lemma 8. Thus v € L°°({2). Notice in passing that the same argument works for the
mixed problem (3.5) with f = —u", g = Ap,(u) since the test function v = (u — k)* vanishes on I
provided that k& > |h|eo.
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Since a positive solution u € W!P(£2) is bounded, then u € C'8(2) N C>*(U,) by the same
reasons as those providing the smoothness of the eigenfunction ¢; in Theorem 1. Hence, for two positive
solutions w1, u, to (1.1) we can consider the test functions ¢; = (u — u2)/ul™", ¢, = (W —ub)/ul~".
With them we obtain the inequality (see [11])

I :/ (V[P 2Vu Vi, — |[Vua [P 2VuVps) do > 0.
Q
However, since

= [ 0 )

then u; = wuy, is the unique option permitted by the former inequality. Thus, (1.1) admits a unique positive
solution.

Regarding (iii), that w, ) increases with A is implied by the fact that u, ) is sub-solution to (1.1) with A
replaced by \’ > . The uniqueness of positive solutions together with the existence, via [10], of uniform
C"P bounds of u,» When A varies in bounded intervals, yield the continuous dependence of u, ) with
values in, say, C'({2). Moreover, such continuity and the nonexistence of positive solutions for A = o,
entail (1.9) when oy, > —o0.

To show (1.10), assume o, = —oo, take \,, — —o0 and set u,, = u, ), . From the equality

/(|Vun|p+auﬁ) dac—l—(—)\n)/ qudS—i-/ u'tdr =0,
2 o1 (9}

together with the fact 0 < u,, < up, € L*°({?2) for n > ny we conclude, passing to a subsequence, that
u, — u weakly in WP(£2), with u > 0. Since

(“An) /8 upds = o),

we have u = 0 on 0f2. By using test functions in VVO1 P(£2) in the weak formulation of the equation for
uy, and passing to the limit, we see that « defines a solution to

~Apu + apy(u) =~
in {2. When A ;(a) = 0, this yields u = 0, so that u, y — 0in WP(2)as A — —o0.

On the other hand, when A;,(a) < 0 we obtain that « > 0 in §2. In fact, let ¢, be the positive
eigenfunction associated to /41 ,();,), normalized by sup(, ¢,, = 1. Then we have

{_Ml,p()‘n)}l/(r_p+l)¢n < U, In 1. (36)

Next take «, such that qgn = apo, verifies |$n\p = 1 and observe that o, > |£2|~!. We find that

an - qg weakly in W1P((2), where gf; > 0 (indeed |g5|p = 1). On the other hand, a careful analysis of
the proof of Lemma 8 reveals that

sup o, < 00.
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Hence we achieve, by passing to a subsequence if necessary,

1 -

d)n - 5¢,

weakly in WP(£2), where 6 := lim c;, > 0. Passing to the limit in (3.6), we finally obtain
6! (—Al,p(a))l/(r_p+])q§ <u

in £2. Thus, u > 0, and it defines the unique positive solution to (1.11) when A ,(a) < 0. By uniqueness,
we obtain u,, — u weakly in W 'P(£2). This concludes the proof of (iii).
The proof of part (iv) will be included in the next section. O

4. Limit profiles

To prove Theorem 5 our first ingredient is a property on the maximum of solutions to (1.1) with
varying 7. The proof is based on a simple comparison argument.

Lemma9. Forr > p — 1 let M, ) := sup, u, x. Then M, " tisan increasing function of r.
Proof. Assume r > ¢ > p — 1 > 0. Then we clearly have
—Aptiy\ + app(ur)) = —up\” = =M upn? in 02,

while the boundary condition rests unchanged. It follows that the function

— (r—q)/(g—p+1)
= MT’)\ / Upr )

is a super-solution to problem (1.1) with r replaced by ¢. Since u = cu,_ is a small enough sub-solution

(for small €) we obtain by uniqueness @ > ug 5. Thus MT(T; pHD/(@=p+D > M, », which is the desired
inequality. O

We can now proceed to prove Theorem 5.

Proof of Theorem 5. Let v, = w, /M, . This function verifies

—Apv(x) + avP N(z) = —M:,;pHvT(x), x € {2,
4.1)
|Vo|P—2 ?(Z’) = P (2), T € 012,
v

and |v;|s = 1. Thanks to Lemma 9 we have 0 < M:;p+1 < M\, when p — 1 < r < p, so that by the

estimates in [10] we obtain that v, is bounded in C'?(£2) for certain B € (0, 1). Thus for every sequence
rn, — (p — 1)+ we may extract a subsequence, which will be relabeled as v,,, such that

UVp — U
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in C''(£2). We may also assume that
M g
for some real number 6. Passing to the limit in the weak formulation of (4.1) we arrive at
—Apv(x) + avP" N (x) = —0vP " N(z), z € N,
{ |VolP~? g:j(x) = P (z), r € 092,

with v > 0, [v]o = 1 and thus v > 0 in (2. Hence, thanks to the uniqueness assertion in Theorem 1 we
have that

9 = —,U/l,p()\),
while
v = ¢1()\)’

where ¢;(\) stands for the positive eigenfunction associated to (11, with sup, ¢1(A) = 1. It follows that
vy — ¢1(N) in CH(0).
By writing

Un = My, 3vm = (—p1p(N) + o) (6,00 + o(1)),

it is clear that assertions (a) and (b) follow immediately from the fact that 0 < —p,(\) < 1Tif A < A%,
provided \* exists (i.e., Aj p(a) > —1) while —p;,(X) > 1 either if A > A* (A ,(a) > —1) or for all A
(A1pa) < —1).

When A = A\*, we have p1, = —1, so that M:’;pH — lasr — (p — 1)+. However, no further
information on M,y is available from this convergence and a more subtle analysis is required.

Now, for technical reasons we restrict ourselves to the case of linear diffusion, that is, we consider
p = 2. Multiplying (4.1) by ¢; and integrating in {2 leads to

[ a5t =) dr =0,
(v,

We may rewrite this equality as

MT‘ 1_1 1 —
A - /qblv d:c—/ PO Sl S 4.2)

r—1

Taking into account that v,, — ¢; uniformly in {2, and since ¢; > 0 in {2, we obtain

1— Urfl

Urir - _(bl 1Og ¢1
r—1
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uniformly in {2 and hence, from (4.2),

M;:;l -1 _ _fg i log ¢ dz
r—l+ o —1 [o ¢t dz

=log A,

where A is given by (1.14). Now, since from (4.3) we have

Mr,)\ = exp{r 1

log(1 + (log A)(r — 1) + o(r — 1))}
then we obtain

lim M, = A,
r—1+ ’

as was to be shown. The proof is finished. O
Now we deal with the limit as r — oo.

Proof of Theorem 6. Since a = 0 we consider the problem

Apu(z) = u' (), T € {2,
|VulP? @(x) = P '(2), x€dn.
ov
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(4.3)

(4.4)

To obtain the asymptotic behavior of u,. ) as r — oo we construct suitable sub- and super-solutions. To

get a sub-solution we pick 1) € W'P(£2) N C'5(12) the solution to

{ —Apu(x) =1, x €2,
u(x) = 0, T € 0f).

The strong maximum principle [15] yields ¢» > 0 in {2 while

p=2 8—1/} <c ondf?

a < |V o

for some positive constants ¢y, ¢;.
We look for a sub-solution u under the form

_ p

= A Oé’ = -0,
u= AW +7) R
where positive constants A,y must be found. The condition

ou

[VulP~? 5, S AuP~!
14

4.5)

(4.6)
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on Jf? is furnished by the choice v = y_ with

e\ VoD
()

On the other hand, in order that u be a sub-solution it is required that
o — Dia+ DIVYP + @+ 7} > A0

in (2. Setting
P = (p— DIV’ +1),

such inequality is satisfied if A = A_ with

A= a@*U/“*pH)(inf@)l/ e
2

A super-solution of the form

u=A:@+y)" 7

satisfying

N\
N

U x
in {2 is found by choosing the values:

)1/<r—p+1)

’

e\ D
vy = (X) a, Al = a(p’l)/(’”*p“)(Z sup @
0

provided that r is conveniently large (notice that v, — 0 as r — 00).
Finally, since

«

A (@) +7-) " Supa(@) < Ap (V@) +94) "

in {2 for large r we conclude that u, y — 1 uniformly in 2 asr — co. O

Now we use the previous construction to conclude the proof of Theorem 4.

4.7)

Proof of Theorem 4(iv). We first briefly discuss the existence of solutions to (1.12). Observe that the

problem

{—Apu +auP ' = —u", zen,
u:M, xeag’
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has a unique positive solution u = uy; € C(2) for every M > 0. In fact u = 0, @ = B¢ (\g) with
B > 0 large can be used as a sub- and a super-solution provided i1 ,(Ag) < 0. Uniqueness, which is
achieved by the same ideas as in Theorem 1, implies that u is increasing with M.

On the other hand, local uniform C''? bounds for 1, follow from the estimate

uy <vp, TEB
for every ball B C B C (2, where v = vp is the minimal solution to

{ —Apu(x) = laloov? N (z) — v"(x), z € B,
v = 00, T € 0B.

The existence of vg is well documented (see, for instance, [13] and [7], Theorem 3). In conclusion,
Upr — U

in C''(£2) where U defines a weak solution to (1.12) in the sense that U — oo as dist(z, 9£2) — 0.
We now claim that, for fixedr > p — 1,

Up ) — OO

uniformly on 02 as A — oo. Since ups < u, )\ < U in (2 for \ large we immediately achieve (1.13).
To show the claim we construct a suitable sub-solution u, to the auxiliary problem

—Apu(z) + auP Nz) = —u"(x), z€ Uy,
|VulP~? %(m) = P (2), x € 012, (4.8)
w(T) = up (), dist(z, 042) = 1,

where U, = {z € §2: dist(x,02) < n} and > 0 is small. Notice that u = w,. ) is its unique solution
(check once more the uniqueness proof in Theorem 1).
Following the preceding proof, a sub-solution of the form

uy =A@+

with ¢ and « as before, can be found in U, by choosing

y= a{ Supy |V¢|I:2(_8¢/8V) }l/(pl)

and taking A > A\g, 7 < 1o and 0 < A < Ap. Remark that

Upr \ P Ur X P Awia = Uy

on dist(z, 012) = n for all A > A provided A < A;.
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Now, by using wy = Bu, ), B large enough, as a super-solution, Theorem 3 (see Remark 4) implies
in particular that

Upr 2 P> Uy
for large A. This shows the claim. O

Proof of Theorem 7. As observed in Theorem 4, sub- and super-solutions to (1.1) of the form v =
Ap1(N), w = Bg(N) can be found. Thus one arrives at

1/r=ptn 1 N@)

(=11, ) T8 (0(@) < wpa(@) < (=1, (V) info d1OV

for all » > p — 1. This implies that

lim u,\(z) > $1(N@), @€ Q.

r—00

On the other hand, as in the proof of Theorem 6, a super-solution to (1.1) can be obtained in the form

a = A() +7)" %,

with «, v = 4 and ¥ as in that proof, while A is chosen such that
P
AP — 1 |a|oo(sup¢ + 1)
0

for sufficiently large . From the inequality u, » < @ one easily gets,
lim u, \(x) < 1.
—00

A combination of these inequalities also gives

lim supu, ) = 1.
r—00 .Q

To study the behavior of sup ui}p *1 we first consider a = 0'in (1.1) but p > 1 arbitrary. In this case,

inequality (4.7) directly leads to
Uup " P (@) > AT
on 9f2. Since v_ ~ Cav as r — oo such inequality says that

lim sgp(uT,A)T*P+l = 00. 4.9)

r—00
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To conclude with the case a € L°°({2) arbitrary with \ large, we use an argument inspired in [3].

Let us begin assuming @ > 0 in {2 and assume, arguing by contradiction, that sup u, ,” *1is bounded.

Choose 7, — oo and set u,, = Uy, x, tn, = SUP Uy, Up, = tpUy. Then v, solves

—Apvn(z) + avﬁ_l(:c) = —u;”_pHvﬁ_l(x), T € (2,
0
|V, [P~2 —U(x) = 2P (z), x € 012
%
Now, passing to a subsequence, v/ P! — p in L4({2) for a nonnegative h € L°°(§2) and a conveniently

large chosen ¢ > 1. On the other hand, the estimates in [10] permit us showing that v,, — v in C'7(£2)
where v is positive, [v|o, = 1 and solves

—Apv(x) + av?P N z) = —hoP ), x €,
0
(VolP=2 2 (z) = WP (@), x € 0.
ov
Since 0 < v(x) < 1in {2 and v is p-subharmonic it follows that v(z) < 1 for all x € f2. Otherwise,

v = 1 and from the equation @ + A = 0 in {2 what is impossible. However, v < 1 implies h = 0 in {2.
Hence, v solves

—Apu(@) +avP N (@) =0, z€L,
|VolP~? @(z) =P Nx), ze€dn.
ov

But this implies 11(A\) = 0 which contradicts the existence of a positive solution to (1.1) (Theorem 1).
For an arbitrary a € L°°(f2), not necessarily positive let u = @, ) be the solution to (1.1) with a
replaced by |a| > 0 and notice that

Uy \ = ﬂr,/\-

The conclusion follows from the fact that u, y satisfies (4.9). O
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